We study the splitting functions for the evolution of fragmentation distributions and the coefficient functions for single-hadron production in semi-inclusive e + e − annihilation in massless perturbative QCD for small values of the momentum fraction and scaling variable x, where their fixed-order approximations are completely destabilized by huge double logarithms of the form α n s x −1 ln 2n−a x. Complete analytic all-order expressions in Mellin-N space are presented for the resummation of these terms at the next-to-next-to-leading logarithmic accuracy. The poles for the first moments, related to the evolution of hadron multiplicities, and the small-x instabilities of the next-to-leading order splitting and coefficient functions are removed by this resummation, which leads to an oscillatory small-x behaviour and functions that can be used at N = 1 and down to extremely small values of x. First steps are presented towards extending these results to the higher accuracy required for an all-x combination with the state-of-the-art next-to-next-to-leading order large-x results.
Introduction
The fragmentation distributions, or parton fragmentation functions, D h p (x, µ 2 ) encode the probability of a final-state parton p in a hard scattering process to end up in (or fragment into) a hadron h which carries a fraction x of the momentum of the parent (anti-) quark q or gluon g. Like their even more important initial-state counterparts, the parton distributions of hadrons f h p (x, µ 2 ), these quantities include long-distance information and are thus not calculable in perturbative Quantum Chromodynamics (QCD). Their dependence on the fragmentation (final-state mass factorization) scale µ, to be chosen of the order of a physical hard scale in the scattering process under consideration, is however calculable via the renormalization-group evolution equations
Here ⊗ denotes the standard Mellin convolution in the first arguments, 2) which is reduced to a simple product by the transformation to Mellin moments,
3)
The final-state ('timelike') splitting functions P T ji in Eq. (1.1) admit an expansion in power of the renormalized strong coupling constant, here normalized as a s ≡ α s (µ 2 )/(4π), where we have, without loss of information, identified the coupling-constant renormalization and mass-factorization scales.
A benchmark process for parton fragmentation is semi-inclusive e + e − annihilation (SIA), 5) which is closely related to deep-inelastic scattering (DIS), eh → e + X , via the exchange of a virtual photon γ * , Z-boson or Higgs particle. In the former (latter) case the four-momentum q of the exchanged boson is timelike, q 2 > 0 (spacelike, q 2 < 0). X stands for all hadronic final states allowed by quantum number conservation. The cross section for vector-boson exchange can be written as [1] where θ is the angle, in the center-of-mass (CM) frame, between the incoming electron beam and the hadron h observed with four-momentum p, and the scaling variable is given by x = 2pq/Q 2 where Q 2 ≡ q 2 in SIA. The dimensionless transverse (T ) and longitudinal (L) fragmentation functions in Eq. (1.6), and the total fragmentation function F h I = F h T + F h L obtained by integrating Eq. (1.6) over θ, have been measured at LEP and earlier e + e − colliders, see Ref. [2] for a general overview. The interference of vector and axial-vector contributions leads to the parity-violating cos θ term. The corresponding fragmentation function F A does not receive 1/x contributions and will not be considered in this article; it should be ignored when Eq. (1.6) is referred to below.
Up to corrections suppressed by powers of the CM energy √ s = Q, the fragmentation functions can be expressed in terms of the fragmentation distributions and coefficient functions C a,i ,
which are short-distance quantities and calculable in perturbation theory, Here we have identified, again without loss of information, the scale µ in Eq. (1.1) with the physical scale Q, and we have suppressed electroweak charge factors. Besides the quantities in Eq. (1.6), we have included the fragmentation functions F φ for the exchange of a scalar φ coupling (like the Higgs-boson in the limit of a heavy top quark and n f massless flavours [3] ) directly only to gluons via φ G a µν G µν a , where G a µν denotes the gluon field strength tensor. The splitting functions (1.4) and coefficient functions (1.8) are known (with a minor caveat in the former case which is not relevant in the present context) to order α 3 s and α 2 s , respectively, see Refs. [4] [5] [6] [7] [8] [9] and references therein. These results provide the next-to-next-to-leading order (NNLO) approximation of (renormalization-group improved) perturbative QCD except for F L , where the third-order contributions to Eq. (1.8) would also be needed. All these quantities exhibit, in contrast to their initial-state and DIS counterparts [10] [11] [12] , a double-logarithmic enhancement at small x, i.e., the contributions at order α n s are enhanced by terms of the form x −1 ln 2n−a x (the minimal offset a depends on the quantity under consideration) which correspond to poles α n s /(N − 1) 2n+1−a after performing the Mellin transformation (1.3). These terms spoil the convergence of the expansions (1.4) and (1.8) already at x < ∼ 10 −2 [8, 9] and, obviously, preclude describing particle numbers (multiplicities) given by the first moments, N = 1, of the fragmentation distributions D h p . At leading and next-to-leading logarithmic (LL and NLL) accuracy, these issues were addressed long ago, see Refs. [13] [14] [15] , by showing that these small-x contributions can be calculated to all orders. For example, the leading logarithms (a = 2) of P T gg can be resummed to yield
with C A = n colours = 3 in QCD, which leads to a contribution proportional to √ α s at N = 1. More recently there has been renewed interest in the all-x and N = 1 evolution of (parton) fragmentation functions, see, e.g., Refs. [16] [17] [18] . In particular, a new method has been developed in Ref. [19] for carrying out the small-x resummation up to the third logarithms in the standard MS factorization scheme not adopted in Ref. [14] (see Ref. [17] for a more detailed discussion of this issue).
This article builds upon and extends the results of Ref. [19] which were mostly presented in terms of perturbative coefficients to order α 16 s . While this is sufficient for collider applications down to x ≃ 10 −4 , it does neither fix the first moments nor cover the vastly wider x-range relevant for fragmentation processes induced by ultra-high energy cosmic rays, see, e.g., Ref. [20] . Here, we provide analytic resummed small-x expressions at next-to-next-to-leading logarithmic (NNLL) accuracy which facilitate an all-x 'NLO + resummed' evolution of the fragmentation functions, and derive the third terms in the resulting N = 1 expansion in powers of √ α s . These results include the case of F L , which was dealt with only at NLL level in Ref. [19] . Furthermore we use the approach of Dokshitzer, Marchesini and Salam (DMS) in Ref. [21] , which relates the evolution of flavour non-singlet fragmentation and parton distributions, to provide an alternative derivation of the results for the 'non-singlet' part of P T gg and to extend its resummation to the fifth logarithms and the √ α s 5 contributions at N = 1 in a manner outlined already in Ref. [22] , see also Ref. [23] .
Formalism of the resummation
Before we present our results, we briefly recall the formalism for deriving the resummation, which is based on the mass-factorization relations and the structure of the unfactorized expressions
in dimensional regularization (we use D = 4 − 2ε). The functions C a, i are given by Taylor series in ε, with the ε k terms including k more powers in ln x than the 4-dimensional coefficient functions (1.8). The transition matrix Z T consist of only negative powers of ε and can be written in terms of the splitting functions (1.4) and the expansion coefficients β n of the beta function of QCD,
This dependence can be summarized as a
Hence fixed-order knowledge at N m LO (i.e., of the splitting functions to P m and the corresponding coefficient functions) fixes the first m+1 coefficients in the ε-expansion of F a,k at all orders in α s .
The small-x expansions of F T, φ (the corresponding relation for F L is slightly different) read F| a n
If the constants up to F (m) n,ℓ are known for all n and ℓ, then the splitting functions and coefficient functions can be determined at N m LL accuracy at all orders of the strong coupling. As observed in Ref. [19] , the n th order small-x contributions to F T, φ are built up from n terms of the form
Since the terms with ε −2n+1 , . . . , ε −n−1 have to cancel in sum (2.1), there are n−1 relations between the LL coefficients A n,k which lead to the constants F
n,ℓ in Eq. (2.3), n−2 relations between the NLL coefficients B n,k etc. As discussed above, a N m LO calculation fixes the (nonvanishing) coefficients of ε −n , . . . , ε −n+m at all orders n, adding m + 1 more relations between the coefficients in Eq. (2.4). Consequently the highest m+1 double logarithms, i.e., the N m LL approximation, can be determined order by order from the N m LO results. Finally the resulting series, here calculated to order α 18 s using FORM and TFORM [24] , can be employed to find their generating functions via over-constrained systems of linear equations. The whole procedure is analogous to, if computationally more involved than, the large-x resummation in Ref. [25] .
N-space results: splitting functions P T ik
It turns out that the resummed splitting functions in Mellin space can be expressed in terms of
with ξ = −8C A a s /N 2 andN ≡ N −1. At NNLL accuracy, i.e., resumming the contributions α n s x −1 ln 2n−a x with a = 2, 3, 4 the (flavour-singlet) splitting functions in Eq. (1.1) are given by
with C F = 4/3 in QCD and ζ 2 = π 2 /6. The respective first lines of Eqs. (3.2) -(3.5) are the LL (for P T gq and P T gg , already determined in Ref. [13] ) and NLL contributions, the rest represents the NNLL terms. Of course, no negative powers of C A and no non-(N−1) −1 terms remain when these results are expanded in powers of a s . After combination with the LO and NLO splitting functions [4] with the 1/(N − 1) ℓ , 1 ≤ ℓ ≤ 3 poles removed to avoid double counting -these results provide a combined (N =1 finite) all-x 'NLO + resummed' evolution of the MS fragmentation distributions. The crucial step towards deriving Eqs. (3.2) -(3.5) is discussed in Appendix A.
As discussed in Ref. [19] , it is possible to also obtain the next (N 3 LL) contributions to P Tand P T qg , due to A n,1 = B n,1 = . . . = 0 in Eq. (2.4) for F T,q and F φ,q . We have been able to find the exact all-order expression also for these contributions. However, the results are considerably more lengthy than Eqs. The first moments of the combined splitting functions receive contributions from (3.2) -(3.5), taking the limit N → 1 for fixed α s , and the 'truncated' fixed-order results P T (m) with (3.6) at N = 1. This leads to the 'NLO + resummed' results
It is interesting to note that the combination P T− P T qg + P T gq − P T gg of the resummed first moments (3.7) vanishes for C A = C F irrespective of the numbers of flavours n f . Instead inserting the QCD values for the colour factors, we obtain for n f = 5 the numerical series 
Coefficient functions for F T and F φ
We now turn to the coefficient functions (1.8) for F T and F φ . Their leading and next-to-leading logarithms, α n s x −1 ln 2n−a x with a = 1, 2, need to be included in a 'NLO + resummed' approximation which is applicable at all values of x and finite at N = 1. The corresponding N-space results, again derived from the series expansions in Ref. [19] , are given by (using
Here we have included, besides the resummed 1/(N−1) terms, the zeroth-order terms in Eq. (1.8).
The leading logarithmic contributions in Eqs. (4.1) and (4.3) have been obtained before, in a completely different manner, in Ref. [17] (where, as in Refs. [5, 7] , the normalization of C a,g in SIA differs by a factors of two from that adopted in the present article and Ref. [9] ). We have also been able to derive closed N-space resummations of the NNLL contributions, α n s x −1 ln 2n−3 x, to all four quantities. The corresponding more lengthy expressions can be found in Appendix B.
The first moments of Eqs. 
The next corrections at N = 1 may be expected at order α 2 s which is beyond our present reach. All our results above are given in the standard MS factorization scheme. The transformation to another scheme S is given by
where (suppressing the Mellin variable and the scheme index) C and P represent the matrices
in MS. Eq. (4.7) includes, for Z S = C, the transformation to the 'physical evolution kernels' K, 9) for the system F = (F T , F φ ) of fragmentation functions [for N = 1, since det C vanishes for the results in Eqs. (4.5) and (4.6)], cf. Ref. [26] . At LL accuracy this transformation, as well as that to the massive-gluon scheme of Ref. [14] , see also Ref. [17] , is of the form
for the scheme of Ref. [14] and c S,LL = 0 for the physical kernels. P LL is invariant for this form of Z S . Since we do not know the coefficient functions in the massive gluon scheme beyond LL accuracy, we are not able to use the scheme transformation to compare our results to the NLL splitting functions in Ref. [14] . The transformation to the physical kernels in Eq. (4.9), on the other hand, does not pose problems. It is interesting to note that, disregarding overall prefactors, the results to NNLL (for K φT and K φφ ) and N 3 LL (for K 
Coefficient functions for F L
The remaining SIA coefficient functions with x −1 ln k x contributions are those for the longitudinal fragmentation function F L . There is no α 0 s term in this case, hence the α n s results are required for the N n−1 LO approximation and thus for resummation of the n highest logarithms outlined above. Since the NLO coefficient function C L,g includes terms up to x −1 ln 2 x, the NNLL resummation is required to extend the all-x 'NLO + resummed' approximation to F L . The coefficient functions for F L have been calculated so far only to order α 2 s [5, 7] . It is, however, possible to derive (at least) their highest three α 3 s x −1 ln k x contributions using x → 1/x analytic-continuation (AC ) relations between DIS and SIA physical kernels along the lines of Ref. [9] , see also Ref. [27] .
For this purpose we have calculated the evolution kernels K T and K S corresponding to Eq. (4.9)
L,q (N)) and its 'spacelike' counterpart of DIS structure functions (F 1 , F S L ) for which all NNLO coefficient functions are known [10, 11, 28] . At this order these kernels are expected to be related by
up to terms beyond the presently required logarithmic accuracy. These relations form a check of the respective two highest logarithms in c
L,q and c
L,g , which have been derived by resumming the NLO results in Ref. [19] , and provide an over-constrained system of four equations for the hitherto unknown coefficients of
The resulting NNLL resummation for F L -which does not involve Eq. (5.2) -can be written as
Eqs. (5.4) and (5.5) complete the results required for the 'NLO + resummed' all-x flavour-singlet evolution of the fragmentation distributions (1.1) and fragmentation functions (1.6). It is interesting to note that, unlike the corresponding splitting functions and kernels for the system (F T , F φ ), the upper-row elements K Ta of the resummed evolution matrix for (F T , F L ) are suppressed by two powers ofN = N−1 with respect to their lower-row counterparts K La . Also these kernels are found to include only integer coefficients after expansion in powers of a s = α s /(4π) or α s /π.
DMS relation and 'non-singlet' resummation of P T gg
Another connection between the final-state ('timelike') and initial-state ('spacelike') evolution has been suggested in Ref. [21] . The evolution of the flavour non-singlet fragmentation distributions and parton distributions, respectively denoted as f 1 and f −1 , is written as
(the convolution ⊗ has been defined in Eq. (1.2) above), and the modified splitting functions P u are postulated to be identical for the timelike and spacelike cases. Eq. (6.1) has been applied and verified for the NNLO non-singlet [6] and gluon-gluon [8] splitting functions. In the latter case its applicability is obvious for Quantum Gluodynamics, n f = 0, but it is found to hold for all terms in the limit C F = 0. In N-space Eq. (6.1) leads to [21] 
The solution of this equation, obtained by expanding in powers of σ, can be cast in the (new) form
suitable for all-order considerations. The above relations imply that the difference δP = P 1 − P −1 of the time-and spacelike splitting functions at any order is given by lower-order quantities.
The crucial point in the present context is that the spacelike splitting functions are only singlelogarithmically enhanced with the (scheme-independent) leading terms [29, 30] Therefore the above differences and the timelike splitting functions are equal, δP
gg , for n ≥ ℓ + 1 at the level of the N ℓ LL small-x double logarithms. The LL, NLL and NNLL contributions to P T (n) gg for C F = 0 are thus fixed by Eq. (6.1) to all orders in α s without any spacelike input beyond the NNLO splitting functions [12] , and are found to be identical to the results presented in Eq. (3.4). As already discussed in Ref. [22] , the N 3 LL terms are fixed if Eq. (6.4) is used in addition, and finally the N 4 LL corrections require only one additional coefficient, that of α 4 sN −3 , of P S gg (N). However, this coefficient is presently not available in the literature for the MS scheme. The resulting prediction for the N 3 LL contribution to P T gg reads gg | NLL is the above-mentioned next-to-leading small-x coefficient at order α 4 s , cf. Eq. (1.4), in the notation of Eq. (6.4), i.e., the coefficient of (C A α s /π) 4N −3 . One may expect it to be negative and no larger than a few times the corresponding LL coefficient 2 ζ 3 ≃ 2.4041. An explicit determination of this coefficient and its fifth-order counterpart from the results of Ref. [31] should definitely be possible, in particular in view of the calculations performed in Refs. [32, 33] . On top of these quantities, and the known NNLO splitting function [8] and sixth-order coefficient in Eq. (6.4), the α 3 s coefficient in Eq. (6.8) requires the NNLL fourth-order term in Eq. (6.4), as already discussed in Ref. [22] , which currently appears to be out of reach.
Analytic and numerical results in x-space
We finally return to the now complete 'NLO + resummed' approximations for the MS splitting functions and coefficient functions in Eqs. (1.1) and (1.7). Their numerical consequences in x-space can be obtained either by expanding the above N-space results to any desired order in α s and using
or by subjecting the N-space expression to a standard numerical Mellin inversion, cf, e.g., Ref. [34] . The former can also be used to identify the closed form of x-space results such as
in terms of the Bessel function of the first kind J 1 (z) and J 2 (z), cf. Ref. [35] . The first line of Eq. Both this logarithm, which also corresponds to a Bessel function in x-space (see Eq. (A.3) below), and the fourth root F in Eq. (4.1), which corresponds to a hypergeometric function [17] , can be viewed as 'artifacts' of the MS scheme, as neither remains after transformation to the matrix of physical evolution kernels (4.9) for the fragmentation functions F T and F φ and their counterparts for the system (F T , F L ) discussed above Eq. (5.1).
The result (7.2) for P T gg indicates a general single-logarithmic enhancement of the Besselfunction oscillations at extremely small x, where furthermore the contribution of J 2 (z) is suppressed by a factor 2/z with, e.g., z ≃ 0.96 ln 1 x for α s ≃ 0.12 -recall that J 1 (z) and J 2 (z) differ for large z only by a phase shift of π/2 [35] . The asymptotically dominant a s (a s ln Fig. 1 for the second column and in Fig. 2 for the first column of the splitting-function matrix P in Eq. (4.8). Note that the scales of the right and left parts of both figures are related by a factor C A /C F = 9/4. The close similarity of the curves at small x thus directly demonstrates the approximate 'Casimir scaling' of P T gi and P T qi . The oscillation amplitudes of the former quantities are much larger than those of the latter. This behaviour is not due to the LL contributions to P T gi which, as for other resummations, are numerically small. There is no reason to assume that terms beyond the present NNLL accuracy will be small. The Mellin inversion of Eqs. (6.5) and (B.11), however, appears to indicate that the amplitudes will stabilize, for most of the wide x-range shown in the figures, after including the N 3 LL and N 4 LL contributions.
Corresponding minimal 'LO + resummed' and 'NLO + resummed' x-space results are shown in Figs. 3 and 4 for the coefficient functions for F T (left) and F L (right). In this counting, the leading contribution C F /C A c LL to C T,g in Eq. (4.1) is not combined with the δ(1−x) LO term in Eq. (1.8) . This is consistent with the fact that c LL is a scheme-dependent quantity as discussed around Eq. (4.10). Given the α s -expanded N 3 LL result in Ref. [19] , we expect that the coefficient function C T,q , for which Fig. 4 includes the Mellin inverse of Eq. (4.2), will be the first quantity determined at an N =1 finite 'NNLO + resummed' accuracy. The opposite is true for C L,g , the least stable quantity at the present accuracy as shown in the right part of Fig. 3 . Here, as for P T gi , the highest five logarithms need to be resummed for an all-x combination with the NNLO results. 
Summary
We have presented the analytic all-order expressions in Mellin-N space for the next-to-next-toleading logarithmic (NNLL) small-x resummation of the splitting functions P T ji for parton fragmentation and the coefficient functions for the fragmentation functions F T , F L and F φ in gauge-boson and (heavy-top) Higgs-exchange semi-inclusive e + e − annihilation. The resummation replaces the double-logarithmic x −1 ln n x small-x enhancement of the fixed-order results for all these quantities by an oscillatory behaviour which can be described in terms of Bessel functions for the splitting functions P T ji (x, α s ). The present results are sufficient to construct a combined 'NLO + resummed' approximations which is applicable down to extremely small values of x and determine the first three terms in the expansion of the first moments related to particle multiplicities in powers of √ α s .
In view of the dependence of the oscillation amplitudes on the logarithmic order and the large size of the N = 1 expansion parameter, an extension of the present results to the fifth (N 4 L) logarithms and a 'NNLO + resummed' approximation is desirable. Completing these results is well beyond our present approach based on the D-dimensional structure of the unfactorized fragmentation functions and the mass-factorization relations. However, we have taken a first step in this direction by confirming the all-order relation between initial-state and final-state splitting functions suggested in Refs. [21, 22] 
Appendix A
The crucial step towards obtaining the analytic expressions presented above and in Appendix B was the solution of the sequence A (n) qi in Ref. [19] . The key to understanding this sequence was the observation that the denominators began as, and subsequently were divisors of, the sequence of least common multiples of triangular numbers [36] . This suggested expanding each term as a sum of reciprocals of triangular numbers, which after some 'playing' with the initial terms led to and the recognition that the successive numerators are the coefficients of the series [37] which are some particular sums of products of Catalan numbers. Our knowledge of A (n) qi to n = 17 checks this identification to the 136 th entries in the sequences [36] and [37] , virtually excluding an agreement by coincidence. Using MAPLE, this result was rewritten in the more accessible form
which was then understood to represent the expansion coefficients [in terms of ξ in Eq. (3.1)] of the first line in Eq. (3.2) . Once this function (the simplicity of which further supports the correctness of the above deductions) was known, it was not too difficult to derive all of Eqs. (3.2) -(3.5).
The corresponding x-space series can be readily obtained using Eqs. (A.2) and (7.1). We have not been able to express the result as a known special function. It may be interesting for future studies, however, that the function L in Eq. 
Appendix B
Finally we present various, mostly lengthy results beyond the (at N = 1) main 'NLO + resummed' approximation. We start with the N 3 LL corrections to the splitting functions P Tand P T qg given at NNLL accuracy in Eqs. (3.2) and (3.3),
Together with the first moments of the corresponding truncated second-order splitting functions
which can be derived, e.g., using FORM packages [24] based on Refs. [38, 39] as discussed in Ref. [19] , Eqs. (B.1) and (B.2) lead to the combined results 
